In this paper we introduce some new forms of the Hilbert integral inequality, and we study the connection between the obtained inequalities with Hardy inequalities. The reverse form and some applications are also given. MSC: 26D15
Introduction
The famous Hardy-Hilbert inequality for positive functions f , g and two conjugate parameters p and q such that p > , x + y dx dy < π sin( ) and pA  + qA  =  -λ, the reverse form of (.) is also valid with the same constant factor. In [] the following extension was given:
where 
, and they satisfy the following conditions:
The following inequalities are special cases of (.):
Refinements of some Hilbert-type inequalities by virtue of various methods were obtained in [, ] and [] . A survey of some recent results concerning Hilbert and Hilberttype inequalities can be found in [] and [] .
If p > , f (x) > , and
A weighted form of (.) was given also by Hardy []
, inequality (.) holds in the reverse direction. Inequality (.) was discovered by Hardy while he was trying to introduce a simple proof of Hilbert's inequality. In the book [], the following Hardy-type inequality is given:
where k <  and p >  or p < . If  < p < , then the reverse form of (.) holds. The constant (-k) -p is best possible.
In [](see also [] ), the following Hardy-type inequality is obtained for p > :
For details about inequality (.) and its history and development, we refer the reader to the papers [] and [] .
Recently
du, λ > , the following form of (.) was obtained: In this paper, by estimating the double integral
(u(x)+v(y)) λ dx dy, we introduce an extension of (.) with the best constant factor. The reverse form is also obtained. Some applications are given. The connection between Hilbert and Hardy inequalities is also considered. As a consequence of Theorem ., we obtain the following interesting inequality:
Preliminaries and lemmas
Recall that the gamma function (θ ) and the beta function B(μ, ν) are defined respectively by
In this paper, we assume that u and v are defined as in inequality (.) from the introduction. 
Substituting the last inequality in (.), we get (.). 
Lemma . Let
 < r < ,  r +  s = , ϕ > , ϕ ∈ L(a, b), (x) == b a h(x) β h (x)  s e - th(x) s h(x) -β h (x)  r e - th(x) r (x) dx ≥ b a h(x) βs h (x)e -th(x) dx  s b a h(x) -βr h (x)e -th(x) r (x) dx  r = t - s -β (βs + )  s b a h(x) -βr h (x)e -th(x) r (x) dx  r .
Substituting the last inequality in (.), we get (.).
By the definition of the gamma function above, we may write 
Main results
In this section, we introduce two main results in this paper. Theorem . gives an extended form of inequality (.) and it is connected to the famous Hardy inequality. In Theorem ., we introduce the reverse form obtained in Theorem ..
where the constant C = (
Proof By using (.) and applying Hölder's inequality, we have
and then for r = q, s = p, α =
λ-qγ pq
, we obtain, respectively,
Substituting these two inequalities in (.), we have
we find
Now, since (u + ) = u (u) and
Inequality (.) is proved. We need to show that the constant factor C in (.) is best possible. For  < ε < min{λ -qγ , λ + pγ }, we define the functions f ε (x) = , for x ∈ (a, a  )
and
On the other hand, we have
It is obvious that when ε →  + from (.) and (.), we obtain a contradiction. Thus, the proof of the theorem is completed. 
